Abstract. The subject of this paper is the notion of the connection in a foliated groupoid (briefly, F-groupoid) and the construction of the Chern-Weil homomorphism of an F-groupoid. The author shows its independence of the choice of the connection.
For a regular Lie algebroid A over the manifold M, by a connection we mean a splitting λ of the short exact Atiyah sequence 0 → kerγ ֒→ A γ → Imγ → 0. For any transitive Lie algebroid A over the manifold M for which the short exact Atiyah sequence is 0 → kerγ ֒→ A γ → T M → 0 and for any Stefan's foliation E ⊂ T M , the inverse image A ′ = γ −1 (E) of the foliation E by the mapping γ is a nonregular algebroid. A ′ is not a vector bundle! But this algebroid possesses a connection which is a restriction of any connection in A. Moreover, if the foliation E does not have a constant rank and A is a vector bundle, then a splitting of the short exact Atiyah sequence does not exist. So the connections in the algebroids over Stefan's foliations appear if the algebroid is built on a more general structure than a vector bundle. It appears that the most useful is the notion of a vector semibundle which admits the existence of fibres of different dimensions, but we have to go beyond the category of differential manifolds, into the category of differential spaces. The basic difficulty in the building of connections in an algebroid over the Stefan foliation is that there does not exist a local base of the module of cross-sections of a semibundle. We can avoid these difficulties if the algebroid comes from an F-groupoid. The second part of this paper contains a construction of the Chern-Weil homomorphism of the F-groupoid and the proof of its independence of the choice of the connection in the F-groupoid.
In 1999 J. Huebschmann [H] has considered Lie-Rinehart algebras and their extensions. F-algebroids determine examples of Lie-Rinehart algebras. J. Huebschmann has constructed the Chern-Weil homomorphism for extensions of Lie-Rinehart algebras. The precise comparison of the constructions of Chern-Weil homomorphisms will be done in another paper of the author.
2. Differential spaces. Let C be any non-empty family of real functions defined on the set M , and τ M the weakest topology under which all functions from C are continuous. Let A ⊂ M . We put
and scC = {φ • (α 1 (·), ..., α m (·)); α 1 , ..., α m ∈ C, φ ∈ C ∞ (R m ); m ∈ N}.
The family C is called a differential structure on M if C M = C and scC = C. The pair (M, C) is called a (Sikorski's) differential space [SI] . A differential space (N, D) will be called a differential subspace of a differential space (M, C) [K2] , if N ⊂ M and, if for each point y ∈ N there is a neighbourhood U ∈ τ D of the point y such that D U = C U . If D = C N , then (N, D) will be called a proper differential subspace of a differential space (M, C).
Let (M, C) and (N, D) be any differential spaces. The mapping f : M → N is called smooth if g • f ∈ C for g ∈ D.
3. The category of vector semibundles Definition 3.1. By a vector semibundle over a differential space M we mean a system f = (f, p, M, {f x } x∈M ), in which f is a differential space, p : f → M is a smooth mapping, f x = p −1 (x) is a set equipped with the structure of a real vector space and the following axioms are fulfilled:
1. the mappings + : f * f → f, where f * f = {(u, v) ∈ f × f: p(u) = p(v)} and · : R × f → f are defined as the ordinary addition of vectors in the same vector space f x and the multiplication of vectors by a number, are smooth, 2. the differential structure C(f ) of the differential space f is identical with the structure (sc(C 0 (f ))) f where
δ |f x is a linear mapping .
Definition 3.2. Let (f 1 , p 1 , M, {f 1 x } x∈M ) and (f 2 , p 2 , M, {f 2 x } x∈M ) be two semibundles over the same differential space M . By a (strong) homomorphism of semibundles f 1 and f 2 we mean a smooth mapping S :
Definition 3.3. By a vector subsemibundle of the vector semibundle f = (f, p, M, {f x } x∈M ) we mean a vector semibundle g = (g, p, M, {g x } x∈M ) such that g is a proper differential subspace of the differential space f and the inclusion i : g ֒→ f is a smooth homomorphism of vector semibundles.
Lemma 3.4. Let f = (f, p, M, {f x } x∈M ) be a vector semibundle. If g is a proper differential subspace of f and, for each x ∈ M, the set g∩p −1 (x) ⊂ f x is a vector subspace of f x , then the system g = (g, p | g, M, {g x } x∈M ) is a vector semibundle over the differential space M .
All vector semibundles, together with homomorphisms, form a category. If (M, C(M )) is a differential space, then the differential space (T M, C(T M )), together with the natural projection on M forms a vector semibundle. In particular, each vector bundle f over the differential manifold M is a vector semibundle.
Definition 3.5. By a Cartesian product of vector semibundles
we mean a vector semibundle
in which f 1 × f 2 is a Cartesian product of differential spaces with its natural differential structure.
Definition 3.6. Let g = (g, p, M, {g x } x∈M ) be a vector semibundle over the differential space M and let f : N → M be a smooth mapping. By the pull-back of the vector semibundle g by the mapping f we mean a vector semibundle f * g = (f * g, pr 1 , N, {x, g f (x) } x∈N ) where
The category of groupoids in the category of differential spaces
Definition 4.1. By a groupoid in the category of differential spaces over a differential manifold M we mean a groupoid Φ = (Φ, α, β, M, ·), in which Φ is a differential space and the mappings α, β, −1 , u, · are smooth in the category of differential spaces.
Proposition 4.2. The Cartesian product of groupoids in the category of differential spaces is a groupoid in the category of differential spaces.
[{x}] and the mapping β x :Φ x →L x , h → β(h), whereL x is the equivalence class of the relation x ≈ y ⇐⇒ h∈Φ (αh = x, βh = y). Of course,L x contains x. The subsetsΦ x andG x are equipped with the structures of proper differential subspaces of the differential space Φ. For x ∈ M, the setG x , together with the action induced from the groupoid Φ, forms a group. Moreover, the multiplication and taking inverse of elements inG x are smooth (in the sense of differential spaces).
G x , together with the structure of the proper differential subspace of the differential space Φ, forms a generalized Lie group [SA] .
Note that the mapping · :Φ x ×G x →Φ x is a smooth right action of the generalized Lie groupG x on the differential spaceΦ x , orbits of which are identical with fibres of smooth mappings β x :Φ x →L x . Additionally, the mapping D h :Φ βh →Φ αh , g → g · h, is a diffeomorphism of differential spaces. The space g x := T ux (G x ) tangent to the generalized Lie groupG x is equipped with a natural Lie algebra structure [SA] . Put g := x∈M g x ⊂ T Φ. The differential structure on the set g is induced from the differential space T Φ.
Lemma 4.3. The system (g, p, M, {g x } x∈M ), in which p : g→M is the projection defined by p −1 (x) = g x , is a vector semibundle over the differential manifold M .
T α Φ = h∈Φ T hΦαh ⊂ T Φ is a vector subsemibundle. The module X R (Φ) of smooth right invariant vector fields on Φ forms a module over the ring C ∞ (M ) with respect to the addition of vector fields and their multiplication by
. The set of all smooth α-fields on Φ, i.e. the set of all smooth cross-sections of the semibundleT α Φ, is denoted by X α (Φ).
Definition 4.4. Let Φ and f be a groupoid in the category of differential spaces and a vector semibundle, both over the same differential manifold M . By a representation of the groupoid Φ in the semibundle f we mean the smooth mapping
which fulfils the following conditions:
The trivial representation of Φ in f = M × R is defined by T (h) = id R . Definition 4.5. By the adjoint representation of the groupoid Φ we mean the mapping Ad : Φ * g → g which is defined by the formula Ad(h) = (τ h ) * u αh : g x → g y wherẽ τ h :G x →G y , a → h · a · h −1 for h ∈ Φ such that αh = x and βh = y.
Theorem 4.6. Ad is a representation of the groupoid Φ in the semibundle g.
Proof.
We shall show the smoothness of the mapping Ad : Φ * g → g. The differential structure of g ⊂ T Φ is generated by the set {f
It is enough to prove that for any f ∈ C(Φ) we have
Then, for the point (h, v) from some neighbourhood of the point (h 0 , v 0 ) ∈ Φ * g we have:
) Φ * g we get from the lemma below putting: M = Φ * g and N = Φ * (Φ * g).
Notation. Let T be a representation of the groupoid Φ in the vector semibundle f and let σ ∈Secf be any smooth cross-section of the semibundle f. Denote
The mapping σ T is smooth and σ
Theorem 4.8. For any smooth α-field ξ ∈X α (Φ) on Φ and for a smooth mapping
Proof. To prove the smoothness of ξ(σ), we have to show the smoothness of the mapping δ • ξ(σ) for any function δ ∈ C(f). The differential structure of C(f) is generated by the set {δ 1 • p; δ 1 ∈ C ∞ (M )} ∪ {δ 1 ∈ C(f); δ 1 | f x is a linear mapping}, so it is enough to check the smoothness of δ • ξ(σ) for any δ from this set. Corollary 4.9. The mapping ξ(σ) • u : M → f is a smooth cross-section of the vector semibundle f.
Definition 4.10. By a covariant differential operator (briefly CDO) in the vector semibundle f we mean an R-linear mapping L : Secf → Secf for which there exists a vec-
The vector field X is called an anchor of the CDO L and denoted by q(L). It is easy to see that the field X is uniquely determined.
• u is a CDO with the anchor γ(ξ).
The mappingT ′ (ξ) is R-linear, thus a CDO in the semibundle f with anchor γ(ξ).
Lemma 4.12. The set CDO(f) of all covariant differential operators in the vector semibundle f forms a real Lie algebra with a bracket defined by the formula
Definition 4.13. By the derivative of the representation T : Φ * f → f of the groupoid Φ in the vector semibundle f we mean the mappingT
The mappingT ′ is a C ∞ (M )-linear homomorphism. Moreover,T ′ is a homomorphism of Lie algebras.
Let f =M × R be a trivial bundle. Then, for any vector field X ∈ X(M ), the mapping
, is a CDO.
Algebroids of F-groupoids
2. for any locally arcwise connected topological space X and for a continuous mapping
Let (L, C(L)) be a semimanifold with the leaf (L, D). For any differential space (X, C) with a locally arcwise connected topology and for any smooth mapping f :
The Cartesian product of semimanifolds is a semimanifold.
Definition 5.3. By a foliated groupoid (F-groupoid ) (see [L1] , [L2] ) we mean a groupoid in the category of differential spaces (Φ, α, β, M, ·) in which:
FG1 for each x ∈ M, the differential spacesΦ x andL x are semimanifolds (leaves of these spaces we will be denoted by Φ x and L x respectively), FG2 for each x ∈ M the mappings β x : Φ x → L x are submersions, FG3 the distribution T α Φ = h∈Φ T h (Φ αh ) ⊂ T Φ has the following property: for any h ∈ Φ and v ∈ T h (Φ αh ) there exists a smooth right-invariant vector field X on Φ such that X(h) = v.
Corollary 5.4. For the F-groupoid Φ, the distribution T α Φ on Φ and the distribution E on M of all vectors tangent to all leaves L x ⊂ M are regular. In particular, the family of immersed submanifolds L x is a foliation with singularities in the sense of P.
Stefan.
An important example of an F-groupoid is given by
Theorem 5.5. The Cartesian product of F-groupoids is an F-groupoid.
Due to the construction of a smooth algebroid of a smooth groupoid we build an algebroid of an F-groupoid. We put
On the set A(Φ) we introduce the differential structure C(A(Φ)) = (C(T Φ)) A(Φ) .
The differential space obtained above is a proper differential subspace of the differential space (T Φ, C(T Φ)). Moreover, the mapping p : A(Φ) → M is smooth.
Proof. The differential space (T M, C(T M )) with the natural projection on (M, C(M )) forms a vector semibundle. Then the assertion follows from the construction of the space A(Φ) and lemma 3.4.
The following theorem establishes a relation between the module X R (Φ) and the set SecA(Φ) of all global cross-sections of the projection p : A(Φ) → M.
, is a smooth crosssection of the projection p. Conversely, for any smooth cross-section η : M → A(Φ) of p there exists exactly one smooth right-invariant vector field
Now, in the module SecA(Φ) we introduce some structure of a Lie algebra by the formula [[ξ, η] 
forms an R-Lie algebra. Moreover, the canonical isomorphism described above is an isomorphism of Lie algebras.
Define a mappingβ * :
Note that the diagram below is commutative:
Then the mappingβ * is a (strong) homomorphism of the vector semibundles A(Φ) and T M.
Theorem 5.9. Any vector field X ∈ X R (Φ) is β-projective, i.e. there exists exactly one vector field Y ∈ X(M ) with which X is β-related. It is the field Y :=β * • (X 0 ).
Further, the fieldβ * • ξ, ξ ∈ SecA(Φ), will be briefly denoted byβ * . The following equality is true:
The following proposition gives an important property of the mapping Secβ * .
Proposition 5.10. The mapping Secβ * : SecA(Φ) → X(M ), ξ → β * ξ is a homomorphism of Lie algebras.
Corollary 5.12. The Lie algebra SecA(Φ) has the property
Definition 5.13. By an F-algebroid over the differential manifold M we mean the system
in which:
is a homomorphism of Lie algebras, (4) for any cross-sections ξ, η ∈ SecA(Φ) and the mapping f ∈ C ∞ (M ), the equality
Clearly, (SecA(Φ)) forms a Lie-Rinehart algebra. 
Of course, the following equality holds:
Definition 5.17. By the inner representation of the F-groupoid Φ we mean the mapping Ad : Φ * g → g defined by the formula Ad(h) = (τ h ) * ux : g x → g y where
The smoothness of Ad follows from the smoothness of Ad(h).
Lemma 5.18. Right-invariant vector fields on Φ restricted to the manifold Φ x generate the module of all smooth vector fields on Φ x .
6. The Cartesian product of F-algebroids. Consider the Cartesian product of differential manifolds 
where
Theorem 6.1. Let Φ 1 , Φ 2 be F-groupoids which algebroids are
2 ) is given by the formulae
This algebroid will be denoted briefly by A(Φ 1 ) × A(Φ 2 ).
7. Cohomology with coefficients of F-groupoids. Let Φ and f be an F-groupoid and a vector semibundle, both over the same manifold M . In the vector space T * h Φ αh ⊗ f αh there exists a structure of a left module over the algebra T * h Φ αh , defined uniquely by the formula
h Φ αh and v ∈ f αh . Definition 7.1. An α-form of order q on Φ with values in f is a mapping Ψ which assigns a covector Ψ(h) ∈ q T * h Φ αh ⊗ f αh to each element h ∈ Φ. Definition 7.2. The α-form Ψ of order q on Φ with values in f will be called smooth if for any right-invariant vector fields ξ 1 , ..., ξ q on the F-groupoid Φ, the mapping Φ(ξ 1 , ..., ξ q ) :
If f = M × R is a trivial linear bundle of rank 1, then Ψ will be called a (real) α-form of order q on the F-groupoid Φ. The set Ω α (Φ; f) of all smooth α-forms on Φ with values in the semibundle f forms a left graded C(f)-module and a left module over the algebra Ω α (Φ) of all smooth real α-forms on Φ. Let i x : Φ x → Φ denote an inclusion for x ∈ M . It is a smooth mapping allowing to pull back the α-forms
Since the right-invariant vector fields on Φ x generate the whole module of smooth vector fields on Φ x , then i * x (Ψ) is a q-form on Φ x smooth in the ordinary sense. For ξ 1 , ..., ξ q ∈ X R (Φ), we have i *
Lemma 7.4. An α-form Ψ of order q on the F-groupoid Φ is T -equivariant if and only if, for any right-invariant vector fields ξ 1 , ..., ξ q ∈ X R (Φ) the mapping Ψ(ξ 1 , ..., ξ q ) has the form σ T for some cross-section σ of the semibundle f, i.e. Ψ(ξ 1 , ..., ξ q )(h) = σ T (βh) for h ∈ Φ. , γ) be an algebroid over the foliated manifold M where A is a vector semibundle over M , and the anchor γ : A → E is an epimorphism on the regular distribution E. The mapping ϑ assigning to the point x ∈ M the covector ϑ(x) ∈ q A * x ⊗ f x will be called smooth if the mapping x → ϑ(x), ξ 1x ∧ ... ∧ ξ qx is smooth, where ξ 1 , ..., ξ q are right-invariant vector fields on the F-groupoid Φ.
Denote
(a) Let X be any right-invariant vector field on the groupoid Φ. There exist endomorphisms i
X of the vector space Ω α (Φ; f) defined uniquely by the condition: for any x ∈ M, the diagram below commutes:
(b) These endomorphisms are defined by the global formulae:
..,X j , ..., X q ), where Ψ ∈ Ω α,q (Φ; f), and X 1 , ..., X q ∈ X R (Φ).
(c) For any representation T of the groupoid Φ in the semibundle f, the subspace Ω α T (Φ; f) is stable with respect to the above endomorphisms.
and a field X ∈ X R (Φ) we have: 
In the diagram above ξ ′ denotes the right-invariant vector field on the groupoid Φ generated by the cross-section ξ ∈ SecA(Φ). 
(b) The above endomorphisms are defined by the global formulae:
(c) In particular, for real forms and the trivial representation T in the bundle M × R (then T ′ (ξ) = γ • ξ) we have:
..,ξ j , ..., ξ q ).
Connections. Fix an F-groupoid Φ over the foliated manifold (M, E) and its algebroid (A(Φ), [[·, ·]], γ).
Definition 8.1. By a connection in the F-groupoid Φ over the foliated manifold (M, E) we mean a regular distribution H ⊂ T α Φ on the differential space Φ, such that:
is the vertical subspace of the space T h (Φ αh ), 3. for any smooth vector field X ∈ X(F ), its horizontal lifting X H ∈ X(H) defined by the conditions
The connection H restricted to the principal bundle Φ x is a connection in the usual sense.
Take any transitive algebroid A over the manifold M , together with the short exact Atiyah sequence 0 →kerγ ֒→ A γ → T M → 0, and take any foliation E with singularities in the sense of P. Stefan. Define the algebroid A ′ as the inverse image of the foliation E by the mapping γ, i.e. A ′ = γ −1 (E). Since the dimensions of fibres over different points of the distribution are different, the algebroid A ′ is not regular. A ′ is not a vector bundle. The sequence 0 → ker γ ֒→ A ′ → E → 0 has, as a splitting, the restriction of any connection in the algebroid A. Of course, it is a connection in A ′ . It is easy to see that if the foliation E does not have a constant rank and A is not a vector bundle, then such a splitting does not exist. We shall consider only groupoids in which there exists a connection. Let H be a connection in the groupoid Φ. Define the mapping λ :
Theorem 8.2. Let H be any connection in the F-groupoid Φ. The mapping λ : E → A(Φ) defined above has the following properties:
x is a linear mapping, 2. for any vector field X ∈ X(E), λ • X is a smooth cross-section of the vector semibundle A(Φ),
Conversely, any mapping λ : E → A(Φ) which has the above properties uniquely determines some connection in the F-groupoid Φ.
Proof. ⇐ Let λ : E → A(Φ) be a mapping fulfilling the above three conditions of the theorem. First, we show that λ determines a regular distribution. The mapping λ determines, for any h ∈ Φ, the subspace
so it determines some regular distribution H = h∈Φ H h ⊂ T α Φ. Now, we show that the distribution H fulfils conditions (1)-(3) from the definition of a connection.
(1) Let (g, h) ∈ Φ * Φ. From the definition we have
′ is a smooth vector field, therefore, for any vector field X ∈ X(E), the smoothness of its horizontal lifting follows from the above lemma.
Proof. For any h ∈ Φ we have
h . ⇒ Follows from the linearity of γ x , and from the smoothness of the horizontal lifting and the fact that the diagram below commutes
Definition 8.4. The mapping λ : E → A(Φ) defined in theorem 8.2 will be called a connection in the algebroid A(Φ).
The theorem below shows an obstacle to the existence of a connection.
Theorem 8.5. If there exists a connection in the groupoid Φ, then the sequence
Remark 8.6. If A(Φ) is a vector bundle over the manifold M and E ⊂ T M is a foliation with singularities in the sense of P. Stefan, then the connection does not exist in such an algebroid. This is the reason to use the notion of a semibundle to define an F-algebroid.
Definition 8.7. Let λ : E → A(Φ) be the connection in the algebroid A(Φ) and g = kerγ be a semibundle. By the connection form of the connection λ we mean the mapping ω : A(Φ) → g uniquely defined by the conditions: Proof. (a) Take some cross-section ξ ∈ SecA(Φ). Then γ • ξ ∈ SecE. Let ξ = ξ 1 + λ • (γ • ξ) where ξ 1 is the horizontal part and λ • (γ • ξ) is the vertical part of ξ. Since ξ 1 is smooth and
(b) Assume that the mapping ω : A(Φ) → g fulfils (1) and (2). According to theorem 8.2 it is enough to construct a mapping λ : E → A(Φ) linear on the fibres of semibundles, right-inverse to γ and such that, for any vector field X ∈ X(E) tangent to the foliation
The mapping λ is linear on the fibres and γ • λ = id. Now, take some vector field X ∈ X(E). The smoothness of the field λ • X follows from the lemma below.
Lemma 8.9. Let λ : E → A(Φ) be the mapping defined above. For any vector field X ∈ SecE the field λ•X is smooth if and only if the sequence A(Φ) −→ Secγ SecE = X(E) → 0 is exact.
Consider the mapping γ
From lemma 3.4 it follows that g α is a vector semibundle.
Definition 8.10. Let H be a connection in the F-groupoid Φ. By a connection α-form of H we mean a mapping ω α :
Lemma 8.11. For the given connection H its connection α-form has the property:
1. If H is a connection in the F-groupoid Φ, then its connection α-form ω α fulfils the condition:
(*) for any right-invariant vector field X on Φ the mapping ω α • X is smooth.
2. If, for the F-groupoid Φ the sequence A(Φ) −→ Secγ SecE = X(E) → 0 is exact and the mapping ω α : T α Φ → g α is such that:
α is some connection in the F-groupoid Φ.
Proposition 8.13. Let the mappings k andᾱ be defined as follows
where A h : G αh → Φ αh , a → h · a. Then:
1. the mapping k is an isomorphism on the fibres of vector semibundles over Φ, 2. the diagram below commutes Proposition 8.14. The formω α is Ad-equivariant.
Proof. Follows from the equality (D
Corollary 8.15. For any connection α-form ω α , we haveω Let T be a fixed representation of the F-groupoid Φ in the vector semibundle f.
Definition 8.18. A form Ψ ∈ Ω α (Φ; f) will be called a T -basic form (or, briefly, basic) if it is horizontal and T -equivariant.
The space of T -basic α-forms will be denoted by Ω 
. the exterior covariant derivative in Φ with values in the semibundle f, associated with the connection form ω
Definition 8.35. The curvature form of the connection λ is the form Ω := ∇ A,g ω ∈ Ω 2 A (M ; g), where ω is the connection form of λ.
Proposition 8.36. The connection form Ω has the following properties:
where Ω α is the curvature α-form of the connection form ω α in the F-groupoid Φ.
Proof.
(1) According to theorem 8.27, Im∇ A,f ⊂ Ω A,i (M ; f) for any semibundle f. Additionally, Ω is a 2-form with values in g, so Ω ∈ Ω A,i (M ; g).
(2) The equalities
• τ T and the definitions of the forms Ω and Ω α give:
Definition 8.38. The tangential curvature tensor of the connection λ is the 2-form
A (M ; g) is the curvature form of the connection λ. Proposition 8.39. The tangential curvature tensor Ω b has the following properties:
. Ω b = 0 ⇐⇒ the Lie product of two horizontal vector fields is horizontal.
Proof. Follows from proposition 8.32, definition 8.38, the equality λ • γ = H, proposition 8.36(1) and theorem 8.27(3) and theorem 8.39(4).
9. The Chern-Weil homomorphism Let f 1 , ..., f k , f be vector semibundles over the same differential manifold M and let Γ : f 1 × ... × f k → f be a smooth k-linear homomorphism of semibundles. 
In particular, for the trivial bundle f = V × R we have:
Let Φ be a fixed F-groupoid over the foliation E and let 5.1 be its algebroid with the adjoint vector semibundle g. Let Γ : g × ... × g → R be a k-linear homomorphism. Put 
where Ω b , Ω, Ω α are the curvature tensor of a given connection λ in the algebroid A, the curvature form and the connection α-form associated with the connection in the F-groupoid Φ, respectively. By theorem 9.1(3), theorem 9.3(a), theorem 8.25, theorem 9.1(4) and proposition 8.36 we have
